(1) is an immediate consequence, but more can be squeezed out of (2). For example, (2) shows that in order that a primitive ring A be a s.r. extension of a subring B, it is necessary that B be a primitive ring, or an integral domain.
irreducible s.r. extension of an integral domain is necessarily an integral domain.) A fairly easy consequence of this is that in order that a semisimple ring A be a s.r. extension of a subring B, it is necessary that B be a subdirect sum of primitive rings and integral domains (Corollary 2.2 ff.).
Another consequence of (2) is that any s.r. extension of a division ring is a subdirect sum of division rings. This fact is also implied by the theorem of Arens and Kaplansky inasmuch as a s.r. extension of a s.r. ring is a s.r. ring.
However, this and the above results are all obtained in a new way independently of the previous results for £-rings and s.r. rings.
The structure of A is not known in the general case when A is a s.r. extension of a commutative subring B. However the centralizer of B in A is a f-ring, so that some information on the structure of A is available.
In § 3 the results on s.r. extensions are applied in extending the results of Nakayama [12] on the commutativity of rings, continuing a program which I began in [4] . Any future improvements in the theory of s.r. extensions will net corresponding improvements in this direction also.
A simple computation shows that a ring is regular (axa-a) in the sense of von Neumann if and only if every principal one-sided ideal has an idempotent generator. Arens and Kaplansky introduced the notion of strong regularity (a 2 x= a), whereby not only are these idempotent generators demanded but also nilpotent elements are banished. Here, and more generally in £-rings, the emphasis has shifted from the manufacture of idempotents to the disposition of the nilpotent elements of index two: they must all lie in the center. In § 5 the position in a primitive ring A of the subring T(A) generated by the nilpotent elements of index two is investigated. One finds in important special
cases (e.g., if A is an algebraic algebra, or if A has a minimal left ideal) that the subring T(A) 9 and also the subring E(A) generated by the idempotents of A, is dense in A, if A is not division. This clearly illustrates my allusion above to the extent to which the structure of an s.r. extension A/B is influenced by the fact that B contains the subring T(A).
this implication for CΛ Γ -rings 3) , a fact which is stated in the proposition below.
By reproducing its proof here, I have been able to make this section, and the section following, relatively self-contained. PROPOSITION 
If (4) is multiplied on the left by a, using (1), the result can be simplified to
Multiplying (5) on the right by a produces (6) aiax -xa)a = xaiax-xa)a 2 , which is = 0 by (3). Reapplying this latter fact to (5) yields (7) Proof. Let Q denote the subring of A generated by a and x, and let 3 denote the center of Q. Then the condition of the corollary implies that Q is a CiV-ring, and that dx-a^l, so that the corollary follows from the pro-
position.
An element a of a ring A is (von Neumann) regular if axa = α, and strongly 3) A CΛ Γ -ring is a ring in which every nilpotent element belongs to the center. It seems that in each case where I assume that a ring is CN, I actually require only that the center contains all nilpotent elements of index two. I do not know whether this latter condition is equivalent to the CN hypothesis. 
is not a proper right divisor of zero in A, then the set N of nilpotent elements of A is a nil ideal\ and A -N is an integral domain.
Proof. In a way completely analogous to the proof of the last theorem, Proof. Let V n be a vector subspace of V of finite dimension n, let
U= {a e AI V n a E V n ), and let K = {a e A | V n a = 0}. Then, as is well known [9] , the difference ring TV-extensions have been studied extensively by Nakayama [12] (and others, see [12, References] ) where the main result states that any ring A which is an iVi-extension of its center Z is commutative (or, more generally, any CNring which is an iV-extension of its center is commutative.) This result had been obtained earlier by Nakayama in the case K = 0. In this case it is also true that a division ring A is commutative if it is an iV-extension of a division Φ-subring ^A (Faith [4, Theorem 1] ), a result which is extended to the if #0 case below. THEOREM 
Let A be a division Φ-ring, Φ as in the definition, and let B be a Φ-subring such that A/B is an N-extension. Then: if B is commutative, or if B is a division subring =* = A, then A is a field.
Proof. If B is commutative, so is the division subring (B) generated by are polynomials over ψ.) The effect of all of this is to show that A/Z is an iV-extension, as defined above, so that A = Z by the result of Nakayama. eβ, then 0 = a n -a n+1 x^B ΠL = 0. Since a n x n = x n a n 1 this implies that e = tf*# n is idempotent. Since e e L Π J5 = 0, then a n ^ea n ^e^ 0, so that L is nil. This fact is used several times below. The corollary below is a consequence of the theorem, and of Theorem 3.1.
B. If (B) = A, then

COROLLARY 4.3. // A is a ring with no nil ideals #0, and if A is a Nv exlension of a division subring B*? A, then A is a field.
The last two results can be restated as follows * If A is a ring containing no nonzero idempotents =^ 1, and containing no nonzero nil ideals, and if A is a ^'-extension (resp. TV-extension) of a division subring B^A, then A is a division ring (resp. field.)
The corollary generalizes results on radical extensions of [4] and [5] .
If A is a radical extension of an integral domain, then to each CGA there corresponds a natural number n such that a n has certain regularity properties.
The situation is generalized below. Positive results abound in special cases, making a counterexample hard to find. THEOREM A onto a primitive ring (algebra) also maps B onto a primitive ring (algebra).
5,1. If A is a primitive ring with a minimal left ideal, and if A is not a division ring, then T(A) and E(A) are dense in the finite topology on A. ' {Then T(A) and E(A) are primitive rings).
Let
(The proof of this is related to that of Corollary 2.2). Thus, if A is a semisimple algebraic algebra, and if P is any primitive ideal of A, then [9, p. 239 ff.] shows that the canonical map A~>A~P maps B=^E(A) onto E(A-P).
If A -P is not division, then E(A-P) is primitive by (a), while if A -P is division, since it is an algebraic division algebra, every nonzero subalgebra is a division algebra. Thus E(A -P) is primitive in this case too, and the semisimplicity of B follows from the remark above.
Relating to Lemma 5.2 is the question whether T(A) = A in a simple ring (algebra) A implies the equality E(A) = A.
